Abstract. Igusa varieties are smooth varieties in positive characteristic p which are closely related to Shimura varieties and Rapoport-Zink spaces. One motivation for studying Igusa varieties is to analyze the representations in the cohomology of Shimura varieties which may be ramified at p. The main purpose of this work is to stabilize the trace formula for the cohomology of Igusa varieties ([Shi09]) arising from a PEL datum of type (A) or (C). Our proof is unconditional thanks to the recent proof of the fundamental lemma by Ngô, Waldspurger and many others.
Introduction
The l-adicétale cohomology and Hasse-Weil zeta-functions of Shimura varieties have been computed in several cases using the strategy developed by Ihara, Kottwitz, Langlands and others. At the core of the method lies the comparison of the Arthur-Selberg formula (or L 2 -Lefschetz formula by Arthur) and the Lefschetz fixed-point formula for the special fibers of Shimura varieties at primes of good reduction ("unramified" primes). In order to compute the cohomology of Shimura varieties at ramified primes, Harris and Taylor introduced a new method making use of the interplay among Shimura varieties, Rapoport-Zink spaces and Igusa varieties. There are two main parts for this method. On one hand, one establishes a formula relating the cohomology spaces of the three geometric objects ([HT01, Thm VI.2.9], generalized in [Man05, Thm 22] ). On the other hand one obtains a trace formula for the cohomology of Igusa varieties via counting points ([HT01, Prop V.4.8], generalized in [Shi09] ) and compares it to the L 2 -Lefschetz formula for Shimura varieties ([Art89, Thm 6.1]). This comparison of the two trace formulas usually requires stabilization. On the geometric side of the trace formula, very roughly speaking, this amounts to rewriting a sum of orbital integrals over the set of conjugacy classes as a sum of stable orbital integrals over the set of stable conjugacy classes on endoscopic groups. In fact, the issue of stabilization was bypassed in the work of Harris and Taylor as they only work with some simple kinds of unitary similitude groups for which endoscopy disappears. However more interesting applications are expected to result from the general case where stabilization is necessary.
The aim of our work is to carry out the stabilization of the trace formula for the cohomology of Igusa varieties, with [Shi09, Thm 13 .1] as a starting point. We will use the standard form of the fundamental lemma and the transfer conjecture (Conjectures 2.13 and 2.14), which were recently proved by Ngô and Waldspurger, based on previous work of many others. (See Proposition 2.17 and the subsequent explanation.) Note that there have been results on the stabilization of various trace formulas which are related or analogous to ours. The elliptic part of the Arthur-Selberg trace formula was stabilized by Langlands ([Lan83] ) and Kottwitz ([Kot86] ). The characteristic 0 Lefschetz formula for Shimura varieties (as in [Art89] or [GKM97] ) was stabilized by Kottwitz ([Kotb] ) in an unpublished manuscript. The point-counting formula for PEL-type Shimura varieties of type (A) or (C) was stabilized by [Kot92b] , [?] and [Mor] .
1 It is worth noting that [Kot92b] , [?] and [Mor] use a form of the twisted fundamental lemma while our work does not.
Let us summarize our results more precisely. Let G be the reductive group over Q attached to a PEL Shimura variety Sh of type (A) or (C), which is a projective system of quasi-projective varieties over a number field. The Newton strata of the special fiber of Sh at a place above p are parametrized by group-theoretic data b ∈ B(G Qp ), where each b prescribes an isogeny class of Barsotti-Tate groups over F p with additional structure. Choose Σ b in that isogeny class. One can define the Igusa variety Ig Σ b , which is a projective system of smooth varieties over F p related to the Newton stratum of Sh corresponding to b. From an irreducible finite-dimensional representation ξ of G, we construct an l-adic local system L ξ on Ig Σ b and Sh where l = p. (We use the same notation L ξ for Ig Σ b and Sh by abuse of language.) We will consider the l-adic cohomology space H c (Ig Σ b , L ξ ) (alternating sum over all cohomological 1 The author is partially supported by the National Science Foundation under agreement No. DMS-0635607. 1 Kottwitz stabilized the formula for compactly supported cohomology. This result was extended by Morel to the case of intersection cohomology. , is considered important because the explicit information about h H p would eventually go into the computation of the Galois and automorphic representations (even if they are ramified at p) in the cohomology of Shimura varieties at p. There are two problems for stabilization at p. First, we are not in the usual formalism of the trace formula since the orbital integral at p is computed on a different group, namely on J b (Q p ). We resolve this issue by relating the endoscopy of J b to the endoscopy of G in a systematic way. Second, we need to relate the Kottwitz invariant ( §4.2) at p to the transfer factors. This is precisely the content of Lemma 6.3, which plays a key role. (An analogous result in the context of Kottwitz's formula is proved by Kottwitz in [?, Appendix].)
Our motivation for this work stemmed from two kinds of expected application of Theorem 1.1. (A fair part of that expectation has been realized.) As the first application, given certain PEL-type Shimura varieties arising from unitary groups with nontrivial endoscopy, we may compute their l-adic cohomology at ramified primes as long as we have some prior knowledge of the cohomology of Rapoport-Zink spaces involved in the computation. Indeed, we studied in [Shi] the cohomology of compact U (1, n − 1)-type Shimura varieties (which are more general than the ones in [HT01] which have trivial endoscopy) in detail and obtained applications to Galois representations. We would like to make two technical remarks regarding the last result. First, in the special case of U (1, n − 1)-type, it is actually not necessary to assume that the PEL datum is unramified ( §4.1) (as we still have nice integral models for Shimura varieties; they also lead to a good notion of Igusa varieties). Although we wrote this paper only for an unramified PEL datum, the argument and construction carry over to the U (1, n − 1)-case without the unramified assumption. Next, it is worth noting that a large part of the cohomology of (compact or noncompact) Shimura varieties arising from unitary groups with arbitrary signature could also be computed at ramified places even if endoscopy is nontrivial, by arguing as in section A.7.3 of [Far04] (even though the latter only deals with the case of trivial endoscopy). The basic strategy is to combine what we know in the case of U (1, n − 1) (e.g. [Shi, §6.2] ) with the information about the cohomology of those Shimura varieties at unramified places (e.g. [?, §8.4], which extends the results of [Kot92a] to the setting of noncompact Shimura varieties with nontrivial endoscopy), and apply the Cebotarev density theorem to obtain the desired information at ramified places.
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The second application of our results is expected in some cases where we have prior knowledge of the cohomology of Shimura varieties. We may compute the cohomology of Rapoport-Zink spaces as an application of Theorem 1.1, by proving a generalization of [HT01, Thm V.5.4] and using a result of Mantovan ([Man05, Thm 23] ). This way we can recover the main results of Fargues ([Far04, Ch 8] ) and prove some new facts. The second application will appear in our forthcoming work.
Finally let us sketch the structure of the article. Sections 1-4 are devoted to known facts and background materials from various sources. The reader may try to digest the statement of Theorem 4.4 and then read from §5, where the stabilization of formula (4.3) in Theorem 4.4 begins. The first four sections may be used as reference along the way. Section 5 is the easier part of stabilization, where local expressions away from p are treated. Here we have not needed any new ideas or insights. The heart of the paper is section 6 and concerned with stabilization at p. After preparatory subsections 6.1 and 6.2, we construct the functions h H p whose stable orbital integrals have the desired values. It is fundamentally used in our construction that the Kottwitz invariant at p (denoted by α p ) interacts nicely with transfer factors. This relationship is formulated in Lemma 6.3. The proof of Lemma 6.3 is the most technical result of our paper and takes up §6.4. Section 7 puts together the main results of sections 5 and 6, culminating in Theorem 7.2 with the fully stabilized formula. Our paper could end here, but we included section 8 for two purposes. By explicitly computing some terms in Lemma 6.3 in simple cases, we wish to help the reader understand the nature of Lemma 6.3. More importantly, the computation of c M H is a necessary input in the aforementioned application of our main result to the cohomology of Shimura varieties.
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1.1. Notation and Convention. We will work with various sets of isomorphism classes. By abuse of terminology, we often choose a representative in each isomorphism class and identify the set of isomorphism classes with the set of representatives. When a specific representative is chosen from an isomorphism class, we explain the choice.
Let F be a field of characteristic 0. Let Γ denote Gal(F /F ) in §2.1- §2.4. Starting from §3, Γ := Gal(Q/Q) and
The same applies to X * (D) Q . For a finite abelian group A, let A D denote the group Hom(A, C × ). Let G and G be connected reductive groups over F . For each g ∈ G(F ), use Int(g) : G → G to denote the inner automorphism defined by x → gxg −1 . Let Int K (G) be the group of all inner automorphisms of G defined over a field K (containing F ). We say that G and G are F -inner forms with respect to an F -isomorphism ψ :
. This notion only depends on the G(F )-conjugacy orbit of ψ. We often omit the reference to ψ when there is no danger of confusion. Let G be a connected reductive group over F . Let G der denote the derived subgroup of G, and G * a quasi-split F -inner form of G. Write Z(G) for the center of G and A G for the maximal F -split torus in Z(G). If T is a maximal torus of G × F F , we write R(G, T ) (resp. R ∨ (G, T )) for the set of roots (resp. coroots) of T in G and
with an action of Gal(F /F ) factoring through a finite quotient. Suppose that γ, γ ∈ G(F ). We say that γ and γ are (G(F )-)conjugate in G(F ) and write γ ∼ γ if there exists g ∈ G(F ) such that γ = gγg −1 . When γ and γ are conjugate in G(F ) so that γ = gγg −1 for some g ∈ G(F ), the association σ → g −1 g σ defines an element of ker(H 1 (F, I) → H 1 (F, G)) where I := Z G (γ). If this cohomology class is in the image of ker(H 1 (F, I 0 ) → H 1 (F, G)), we say that γ and γ are stably conjugate, and write γ ∼ st γ . If I is connected then G(F )-conjugacy and stable conjugacy coincide for γ by definition.
When we say that a field F of characteristic 0 is global (resp. local ), it means that F is a finite extension of Q (resp. Q v for some place v of Q). Suppose that F is global or local. Then the Weil group W F of F is defined ( [Tat79] ). To discuss the L-group L G of a connected reductive F -group G, we fix a Gal(F /F )-invariant splitting data (B, T, {X α } α∈∆ ) once and for all where ∆ is the set of B-positive roots for T in G. The L-group is defined as a semi-direct product
. Often a Levi subgroup of a parabolic subgroup of G (resp. L G) will be called a Levi subgroup of G (resp. L G) by abuse of terminology. (See [Bor79, §2-3] for details on L-groups and their Levi subgroups.) Let F be a global field. When S is a finite set of places of F , we denote by A S F the restricted product of F v for all v / ∈ S. Finally, if G is a Q-group and F is any field containing Q, we write G F for G × Q F .
1.2.
Harmonic analysis on reductive groups. We introduce further notation and convention for harmonic analysis on reductive groups. Let G be a connected reductive group over a field F of characteristic 0. Suppose that F is local. The Kottwitz sign e(G) ∈ {±1} is defined in [Kot83] . If G is quasi-split over F then e(G) = 1. If F = Q p (resp. F = R) then we often write e p (G) (resp. e ∞ (G)) for this sign. Let C ∞ (G(F )) (resp. C ∞ c (G(F ))) denote the space of smooth (resp. smooth and compactly supported) functions on G(F ) with values in an algebraically closed field Ω. When F is R or C, take Ω = C so that smoothness makes sense. When F is nonarchimedean, smooth means locally constant and Ω may be C or Q l for some prime l. We will always take Ω = C from §5 until the end. When F = R, let χ : A G (R) 0 → C × be a continuous homomorphism and fix a maximal compact subgroup K ∞ of G(R). Define C ∞ c (G(R), χ) to be the space of smooth functions G(R) → C which are bi-K ∞ -finite, compactly supported modulo A G (R) 0 , and transform under A G (R) 0 by χ. Keep assuming that F is local. Let G 1 and G 2 be connected reductive F -groups which are inner forms. Once a Haar measure µ 1 on G 1 (F ) is chosen, there is a unique Haar measure µ 2 on G 2 (F ) such that µ 1 and µ 2 are compatible in the sense of [Kot88, p.631] .
Let us define orbital integrals and stable orbital integrals. Let γ ∈ G(F ) be a semisimple element and fix Haar measures on G(F ) and
where the quotient measure is used for integration. The stable orbital integral is defined as ([Kot88, p.638])
where γ runs over a set of representatives for G(F )-conjugacy classes in the stable conjugacy class of γ. The number a(γ ) is defined as the cardinality of the kernel of
. We remark on the choice of Haar
0 is chosen to be compatible with that on Z G (γ) 0 . Assume that F is a local non-archimedean field. Let Irr(G(F )) denote the set of isomorphism classes of irreducible admissible representations of G(F ). The Grothendieck group of admissible representations of G(F ) is written as Groth(G(F )). (See [HT01, p.23 ] for a precise definition, which also works for representations of any topological group.) Let M be a Levi subgroup of a parabolic subgroup P of G. Write N for the unipotent radical of P . Define a function D G M on M (F ) and a character δ P :
is the valuation map normalized such that the inverse of the uniformizer maps to the cardinality of the residue field of F . Let π be an admissible representation of G(F ) on a Ω-vector space V . Denote by Jac G P (π) the admissible representation of M (F ) on the quotient of V by the subspace generated by nv − v for n ∈ N (F ) and
, is defined. This definition extends to π ∈ Groth(G(F )).
Let G be a connected reductive group over Q and S be a finite set of places of Q. Choose a hyperspecial subgroup K 
Let G be a real reductive group and T be an R-elliptic torus in G.
This value is finite and independent of the choice of T .
Endoscopic groups and the transfer conjecture
Throughout §2, let G be a connected reductive group over a local or global field F of characteristic 0 and assume that G der is simply connected. More conditions on G or F will be specified as needed. In §2.1 and §2.4 various sets such as E F (G), EQ F (G), SS F (G), etc, are defined. In later sections we will write E(G) (resp. E v (G)) for E F (G) if F = Q (resp. F = Q v ) and do the same with EQ F (G), SS F (G), etc.
2.1. Endoscopic triples. We first give the definition of endoscopic triples. Recall that there is an action of Γ := Gal(F /F ) on G given by the choice of splitting data. The definition below is independent of this choice since the Γ-actions for any two splitting data differ by G-conjugacy.
An endoscopic triple for G is a triple (H, s, η) satisfying the following three conditions where H is a quasi-split connected reductive group over F , s is an element of Z( H), and η : H → G is an embedding of complex Lie groups.
(ii) The G-conjugacy class of η is fixed by Γ.
(iii) The image of s in Z( H)/Z( G) is Γ-invariant and its image under the connecting homomorphism (
is trivial if F is local and locally trivial (i.e. contained in ker
Remark 2.2. The condition (ii) in the above definition implies that the embedding of Z( G) into Z( H) via η is Γ-invariant. Thus the condition (iii) makes sense.
Remark 2.3. It is obvious that the endoscopic triples for G are the same as those for G if G and G are inner forms over F . We write E F (G) (resp. E ell F (G)) for the set of isomorphism classes of all (resp. elliptic) endoscopic triples for G. Remark 2.6. The notion of isomorphism in Definition 2.5 is stronger than the one given in [Kot84b, §7] . Consider G = GL 2 and H = GL 1 × GL 1 . Let s a,b := (a, b) ∈ H, where a, b ∈ C × , and η be such that (a, b) maps to the diagonal matrix with entries a and b. Then (H, s a,b , η) belongs to E F (G) (but not to E Let (H, s, η) be an endoscopic triple for G.
The Ω(G, T )-orbit of j is independent of the choice of g and the Borel subgroups. For a fixed T H , the G(F )-conjugacy class of embeddings T H → G induced by j is independent of the choice of T , T H , T, g and the Borel subgroups. Given an F -maximal torus T H of H, there exists a maximal torus defined over F in its H(F )-conjugacy class since H is quasi-split over F . Suppose that G is quasi-split and that T H is defined over F . Then we may arrange that j is an F -morphism in the above process, replacing (B, T ) by a G(F )-conjugate if necessary so that T is defined over F . (Use [Kot82, Cor 2.2] to find an F -embedding j : T H → G in the canonical G(F )-conjugacy class and take for T the image of j.)
There is an embedding of
is canonical in the sense that it only depends on (H, s, η) and that it is compatible with isomorphisms of endoscopic triples. The embedding Z(G) → Z(H) is defined over F . Indeed, it is enough to prove this when G is quasi-split over F , and for such a group G we may take j to be defined over F as remarked earlier.
Restricting Z(G) → Z(H) to maximal F -split subtori, we obtain a canonical embedding A G → A H over F . This embedding is an isomorphism if (H, s, η) ∈ E ell F (G). In practice (from §5), we will fix a representative in each isomorphism class of endoscopic triples and identify the set of isomorphism classes of endoscopic triples with the set of representatives.
The groups A(·) and K(
(This map is functorial with respect to any F -morphism by [Kot86] ; cf. proof of Lemma 2.3 in [Shi09] .) The map in (2.1) is an isomorphism (of pointed sets) if F is non-archimedean and will form the left vertical arrow of (3.1). Let F and G be as before. Let γ 0 be a semisimple element and set
and consider the connecting homomorphism (
is trivial (resp. locally trivial) if F is local (resp. global). Our definition (due to [Kotb] ) coincides with the one in [Kot86, 4.6] when γ 0 is F -elliptic but differs from it in general.
Define
By unraveling the definition of K(I 0 /F ) we see that canonically
Now suppose that F is global and that γ 0 is F -elliptic. In particular K(I 0 /F ) is a finite abelian group. Assume that the group homomorphism ker 
2.3. Transfer of conjugacy classes. Let F be local or global and consider (H, s, η) ∈ E F (G). We explain how to transfer semisimple stable conjugacy classes from H to G. Let γ H ∈ H(F ) be a semisimple element of H. Choose a maximal torus T H of H over F containing γ H . As explained in the paragraph below Remark 2.6, there is a canonical G(F )-conjugacy class of embeddings j : T H → G. Put γ := j(γ H ) for one such embedding. The G(F )-conjugacy class of γ is independent of the choice of T H and j. This G(F )-conjugacy class contains an element γ 0 ∈ G(F ) if G is quasi-split over F , but not in general. If such γ 0 ∈ G(F ) exists, we say that γ H transfers to γ 0 in G(F ), or that γ H and γ 0 have matching conjugacy classes. The association γ H → γ 0 is a partially defined map from the set of semisimple stable conjugacy classes in H(F ) to the set of semisimple stable conjugacy classes in G(F ). This map is compatible with isomorphisms between endoscopic triples for G. In the above process, we may choose T H , and also j if G is quasi-split over F , so that T H and j are defined over
This notion is independent of the choice of T H and j.
Define SS F (G) (resp. SS ell F (G)) to be the set of equivalence classes of (γ 0 , κ) where γ 0 ∈ G(F ) is semisimple (resp. elliptic) and κ ∈ K G (I 0 /F ). Two pairs (γ 0 , κ) and (γ 0 , κ ) are considered equivalent if γ 0 ∼ st γ 0 and κ = κ via the canonical isomorphism Z( I 0 ) Z( I 0 ), where I 0 := Z G (γ 0 ). At this point, assume temporarily that G is quasi-split over F . Define EQ F (G) to be the set of equivalence classes of (endoscopic) quadruples (H, s, η, γ H ) where (H, s, η) is an endoscopic triple for G and γ H is a (G, H)-regular semisimple element of H(F ). As we are assuming that G der is simply connected, we know that
It is worth noting that I 0 and I H are connected and inner forms of each other ([Kot86, §3]). Observe that γ H transfers to some γ 0 ∈ G(F ) since G is quasi-split over
.) It is easy to check that equivalent endoscopic quadruples give rise to equivalent pairs (γ 0 , κ). Thus we have defined a map (H, s, η, γ
Now drop the assumption that G is quasi-split over F and let G * be the quasi-split inner form of G. Define EQ F (G) to be the subset of EQ F (G * ) consisting of (H, s, η, γ H ) ∈ EQ F (G) for which γ H transfers to a stable conjugacy class in G(F ).
Remark 2.7. In the situation (H, s, η, γ H ) → (γ 0 , κ), we will always use the symbol κ to denote the image of s under
The above map defines a bijection from EQ F (G) to SS F (G) and restricts to a bijection from EQ ell
Proof. It was proved in [Kot86, Lem 9 .7] that the map from EQ ell F (G) to SS ell F (G) is a bijection. The general case is proved in the same way.
As remarked at the end of §2.1, we will fix a representative for each isomorphism class of E F (G) from §5. When working with EQ F (G), it is convenient to consider only those (H, s, η, γ H ) such that (H, s, η) is in the set of fixed representatives. For any given (H, s, η, γ H ), it is easy to see from Lemma 2.8 that there are precisely |Out F (H, s, η)| stable conjugacy classes of γ H ∈ H(F ) (including that of γ H itself) such that (H, s, η, γ H ) and (H, s, η, γ H ) are equivalent.
2.4. Endoscopic triples for Levi subgroups. Let M be a Levi subgroup of an F -rational parabolic subgroup of G. In §2.4 we assume for simplicity that G is quasi-split over F . Let J denote an inner form of M over F .
A G-endoscopic triple for M is an endoscopic triple (M H , s H , η H ) for M such that the condition (iii) of Definition 2.1 holds with M H and G in place of H and G, respectively. An isomorphism between two G-endoscopic triples
If J is an inner form of M over F , define G-endoscopic triples for J, the notion of isomorphism, and the set E F (J, G) in an analogous way, by replacing M with J and using the canonical map
Let γ 0 ∈ M (F ) be a semisimple element. Let T be a maximal torus of M over F containing γ 0 . We say that γ 0 is (G, M )-regular if α(γ 0 ) = 1 for every root α of T in G which is not a root in M . This notion is independent of the choice of
F ). (This turns out to be a surjection with kernel (Z( M )/Z( G))
Γ but we do not need this fact.) Suppose that a semisimple element δ ∈ J(F ) transfers to a (G, M )-regular γ 0 ∈ M (F ). It is easy to check that
Define SS F (M, G) to be the set of equivalence classes of (γ 0 , κ) where γ 0 is a (G, M )-regular semisimple element of M (F ) and κ belongs to K G (I 0 /F ). Two pairs (γ 0 , κ) and (γ 0 , κ ) are considered equivalent if γ 0 ∼ st γ 0 in M (F ) and κ = κ via the canonical isomorphism Z( I 0 ) Z( I 0 ). The set SS F (J, G) is defined analogously, replacing (γ 0 , κ) with (δ, κ) where κ ∈ K G (I δ /F ) and δ ∈ J(F ) is a semisimple element which transfers to a (G, M )-regular element of M (F ). There is a natural injection SS F (J, G) → SS F (M, G) given by the transfer of stable conjugacy classes.
Define EQ F (M, G) to be the set of equivalence classes of (G-endoscopic)
and suppose that γ H transfers to γ 0 ∈ M (F ). As before, I 0 and I M H are connected and inner forms of each other, and we may construct κ ∈ K G (I 0 /F ) as the image of
There is an analogue of Lemma 2.8.
Lemma 2.10. The maps constructed above are bijections from
Proof. In the case of EQ F (M, G) and SS F (M, G), the proof of [Kot86, Lem 9.7] works without essential change. The analogous assertion for EQ F (J, G) and SS F (J, G) follows from this.
2.5. Levi subgroups of L-groups. In this subsection we use the notions and facts covered in [Bor79, §1- §3], omitting proofs most of the time. Choose a Borel subgroup B and a maximal torus T of G over F . Thus get a based root datum (X * (T ), ∆, X * (T ), ∆ ∨ ). In particular we are given a bijection 
M is as desired in the first assertion. Let us prove the second assertion.
This is obvious for M and follows from [Bor79, Lem 3.5] for M . From this it is easy to see that M = M .
2.6. Transfer conjecture and the fundamental lemma. In §2.6 we state the famous transfer conjecture and the fundamental lemma which are at the heart of the stable trace formula formalism. They are now proved in most cases by the work of several mathematicians. (See Proposition 2.17 and the remark below it.)
Assume that F is a local field. For each function
where the sum is taken over a set of representatives for conjugacy classes in the stable conjugacy class of γ 0 , and SO
There is freedom in the choice of ∆(γ H , γ). Namely it is fixed only up to a constant. Nevertheless, once the value of ∆(·, ·) is fixed for one pair (γ H , γ), it is determined for every other pair.
When G is an unramified group over F , there is a more precise conjecture. Suppose that η is unramified in the sense that it arises from a map
is the free abelian group generated by the Frobenius morphism.) Let K G and K H be hyperspecial maximal compact subgroups of G and H, respectively. The following is believed to be true under an appropriate normalization of ∆(γ H , γ).
and SO Proposition 2.17. Conjecture 2.13 is true. Conjecture 2.14 is true if the residue characteristic of F is sufficiently large.
4
We briefly remark on the proof of the proposition. Waldspurger showed in [Wal97] and [Wal] that Conjectures 2.13 and 2.14 follow from a Lie algebra version of the fundamental lemma. The proof of the Lie algebra fundamental lemma over F (with char F = 0) is reduced by [Wal06] to the proof for local fields of positive characteristic if the residue characteristic of F is large enough. The proof of the last case was recently announced by Ngô ( [Ngo] ). (In fact it is enough to assume that the residue characteristic of F does not divide the order of the Weyl group.) This implies Conjecture 2.13 for any F and Conjecture 2.14 for any F with large residue characteristic. For more details and related works on the fundamental lemma, we refer to the introduction of [Ngo] .
2.7. Transfer between GL n and their inner forms over p-adic fields. The purpose of §2.7 is to exhibit one of the simplest examples of the Langlands-Shelstad transfer as well as its interaction with representation theory, in the case of general linear groups and their inner forms. The result in this subsection, which is not new, will not be used in later sections but turns out to be useful for applications (as in [Shi] ).
Let F be a finite extension of Q p . In this subsection, let G be an F -inner form of G * := GL n . Note that conjugacy classes are the same as stable conjugacy classes in G(F ) and G * (F ) by Hilbert 90.
Badulescu defined a morphism LJ = LJ
for every π ∈ Groth(G * (F )) and every pair of regular semisimple elements g ∈ G(F ) and g * ∈ G * (F ) with matching conjugacy classes. If π ∈ Irr(G * (F )) is square-integrable, its image LJ(π) is the inverse image of π under the JacquetLanglands correspondence as in [DKV84] . In general, an irreducible smooth representation of G * (F ) may not map to an irreducible representation of G(F ) under LJ.
where Haar measures are chosen to be compatible between the inner forms G(F ) and
Remark 2.19. Lemma 2.18 admits an obvious generalization to the case where G is an inner form of a product of general linear groups.
Remark 2.20. Note that (G * , 1, id) is an endoscopic triple for G. Part (i) of the lemma is a basic example of Conjecture 2.13, with the normalization ∆(·, ·)
holds, but we need to account for the sign difference. Our sign convention is different from that of [DKV84] because we use compatible measures in the sense of [Kot88, p.631] . The ratio of the measures on G(F ) and G * (F ) in our case differs by e(G) from that in [DKV84] , which explains the appearance of e(G). The extra sign factor e(Z G (γ)) comes from the fact that we choose compatible measures on Z G (γ)(F ) and Z G * (γ * )(F ) in (i). It remains to verify (ii). Recall the Weyl integration formula in the notation of [HT01, p.189]
where the sum runs over G(F )-conjugacy classes of maximal tori T in G(F ). A similar formula holds for π * and G * . Using part (i) and the fact that tr LJ(π * )(t) = e(G)tr π * (t * ) by (2.4), we deduce that tr LJ(π * )(φ) = tr π * (φ * ).
3. More Background 3.1. The sets B(G), N (G) and the Newton maps. In §3.1 and §3.2, let G be a connected reductive group over Q p which is quasi-split. Choose a maximal torus
. Denote by σ the Frobenius automorphism of L which induces the p-th power map on the residue field. In this section Γ(p) := Gal(Q p /Q p ). Let D denote the protorus with character group Q. Define
where Ω is the Weyl group for T in G over F . There is a map below which is functorial in G. The first (resp. second) row of (3.1) is exact in the middle in the sense of pointed sets (resp. abelian groups). See [RR96, Thm 1.15] about these facts and the maps in the diagram.
arises from a morphism G m → G and 
. We may and will fix a choice of an L s -isomorphism ψ : 3.3. Acceptable elements. Consider a triple (G 0 , ν, M 0 ) such that
For any maximal torus T 0 of M 0 over Q p , the map ν may be viewed as an element of X * (T 0 ) Q . Choose s ∈ Z >0 such that sν ∈ X * (T 0 ). We assume
If condition ( ) is verified for some T 0 and s then it is also true for any other choice of T 0 and s. For α ∈ R(G 0 , T 0 ), condition (iii) implies that α, ν = 0 if and only if α ∈ R(M 0 , T 0 ). Whether γ 0 is ν-acceptable is independent of the choice of
Denote by P (ν) the unique Q p -rational parabolic subgroup of G 0 containing M 0 as a Levi subgroup such that α ∈ R(G 0 , T 0 )\R(M 0 , T 0 ) satisfies α, ν < 0 exactly when α is a positive root with respect to P (ν). The following lemma is obvious.
We record a few other useful lemmas. (We do not assume that the derived subgroups of G 0 and M 0 are simply connected.
5 This does not bother us as we are concerned with elements with connected centralizers when it comes to applications.) 
Proof. Set
The first assertion is equivalent to the statement that the natural map
is a bijection. We will prove that the map
) is an injection. Let U be the unipotent radical of P (ν). Since the composition M 0 → P (ν) P (ν)/U is an isomorphism, the composition
is a bijection and the proof is complete. 
if there exists a ν-acceptable element m ∈ M 0 (Q p ) which is conjugate to g in G 0 (Q p ) (if so, m is unique up to M 0 (Q p )-conjugacy), and
Proof. In [HT01, Lem V.5.2] the above lemma is proved when G 0 is a general linear group and M 0 is the Levi subgroup of a maximal parabolic subgroup of G 0 . As the same argument works in our case we only sketch the proof indicating the necessary changes that should be made.
Define a function
where m runs over a set of representatives for M 0 (Q p )-conjugacy classes contained in the G 0 (Q p )-conjugacy class of g. The main step for (i), whose proof will be omitted as it is essentially the same as in [HT01, Lem V. Corollary 3.10. Let φ and φ be as in Lemma 3.9. Let g ∈ G 0 (Q p ) be a semisimple element. If there is no ν-acceptable
where compatible Haar measures are chosen on
Proof. Immediate from Lemma 3.5 and Lemma 3.9.
Pre-stabilized counting point formula
In this section we recall the definition of Igusa varieties and related notions. We state the "counting point" formula for Igusa varieties in §4.4. We fix a prime p once and for all, until the end of the paper.
Igusa varieties.
We give a brief summary of the material covered in [Shi09, §5] . (Also see [Man05] .) Consider a tuple (B, * , V, ·, · , h), called a PEL (Shimura) datum, where
• B is a finite-dimensional simple Q-algebra.
• * is a positive involution on B.
• V is a finite semisimple B-module.
• ·, · : V × V → Q is a nondegenerate alternate pairing such that
• h : C → End B (V ) R is an R-algebra homomorphism such that ∀z ∈ C, h(z c ) = h(z) * and that the bilinear pairing (v, w) → v, h(i)w is symmetric and positive definite.
Put F := Z(B) and define a Q-group G by the relation
for any Q-algebra R. We define a C-group morphism µ = µ h : G m → G as the composite
where the first map is z → (z, 1) and the inverse of the second map is induced by the algebra map given by z 1 ⊗ z 2 → (z 1 z 2 , z 1z2 ). Often µ is viewed as a Q p -morphism by making a choice of ι p : Q p C. The datum (B, * , V, ·, · , h) falls into type (A), (C) or (D) ([Kot92b, §5]). We will consider only type (A) and (C) throughout this paper. This has the following consequences.
• G der and G der are simply connected. So are M der and M der for each Q p -Levi subgroup M of G Qp .
• G R has an elliptic torus and (A G ) R = A G R canonically.
• For any semisimple γ 0 ∈ G(Q) and I 0 := Z G (γ 0 ), the canonical map ker 1 (Q, Z( G)) → ker 1 (Q, Z( I 0 )) is injective. 
The PEL datum determines a Shimura variety Sh which is a projective system of quasi-projective varieties Sh U defined over the reflex field E where U runs over sufficiently small open compact subgroups of G(A ∞ ) ([Kot92b, §5]). Here E is a number field determined by the PEL datum. Let ξ be a finite dimensional irreducible representation of G over Q l . We obtain from ξ an l-adic local system L ξ on each Sh U .
We suppose that (B, * , V, ·, · , h) can be extended to a p-unramified integral Shimura datum ([Shi09, Def 5.2]) and fix one such extension. In particular p is unramified in F and G Qp is unramified. The p-unramified integral Shimura datum determines a hyperspecial subgroup U hs p of G Qp . The Shimura variety Sh U p := Sh U p ×U hs p has an integral model with smooth fiber Sh U p over F p , which in turn has a Newton polygon stratification Sh
From here on, fix b once and for all and also fix a representative b as in §3.2. Let Σ b be a Barsotti-Tate group over F p of isogeny type b, satisfying the additional conditions (i)-(iv) in §5 of [Shi09] . We briefly remark that Σ b comes equipped with the compatible structure of a Q p -algebra morphism B ⊗ Q Q p → End(Σ b ) ⊗ Zp Q p and a polarization Σ b → Σ U p where the fibers of the universal abelian scheme have their associated Barsotti-Tate groups isomorphic to Σ b . The representation ξ determines an l-adic local system on each Ig Σ b ,U p ,m , to be written as L ξ by abuse of notation. Define
where we use theétale cohomology with compact support. As the summand is an admissible representation of
Kottwitz triples and Kottwitz invariant.
Definition 4.2. By a Kottwitz triple (of type b), we mean a triple (γ 0 ; γ, δ) where
is semisimple, and elliptic in G(R)
class is canonical ( §3.2). We will simply write δ ∼ st γ 0 for the last condition.
Two triples (γ 0 ; γ, δ) and (γ 0 ; γ , δ ) are considered
Let (γ 0 ; γ, δ) be a Kottwitz triple. We briefly recall the definition of α(γ 0 , γ, δ) ∈ K(I 0 /Q) D , leaving details to [Shi09, §10] . For each place v of Q, we can define α v (γ 0 ; γ, δ) ∈ X * (Z( I 0 ) Γ(v) ), which will be written temporarily as α v for simplicity. Recall that α p (resp. α ∞ ) restricts to
is trivial for v = p, ∞. For each place v we extend α v to an element
In view of (2.2), we make the following definition. It makes sense to view α v (v = p, ∞) and α p α ∞ as characters of K(I 0 /Q) since each of them is trivial on Z( G).
To clarify what input α depends on, it is helpful to write 
.2] to be a finite linear combination of functions of the form φ p × φ p such that φ p is supported on ν b -acceptable elements of J b (Q p ) and a few other conditions hold. These other conditions ensure that Fujiwara's fixed point formula (a.k.a. Deligne's conjecture) for algebraic correspondences is applicable in the course of the proof of Theorem 4.4, but do not concern us in the stabilization process. In this section φ takes values in Q l , but will have values in C starting from §5.
We introduce some notations. Let γ 0 ∈ G(Q) be an R-elliptic semisimple element. Write I 0 for Z G (γ 0 ) as usual and I ∞ for a compact-mod-center inner form of I 0 over R. 
We can arrange that the measure on
With Theorem 4.4 as a starting point, our main goal is to obtain a stable trace formula for tr (ϕ|H c (Ig Σ b , L ξ ) ). This means that we rewrite the right hand side of (4.3) in terms of stable orbital integrals on elliptic endoscopic groups for G.
Stabilization away from p
In this section, we assume that the function
) is acceptable and has the form
From here on, every test function including φ will assume values in C (rather than Q l ). Fix
→ C once and for all.
5.1. A first step in stabilization. We know from (1.2) and (2.3) (cf. Lemma 4.1) that
As K(I 0 /Q) is a finite abelian group, we have
Hence (4.3) can be rewritten as
As remarked in §2.1, we fix once and for all a representative (H, s, η) in each isomorphism class of elliptic endoscopic triples for G and view E ell (G) as the set of such representatives. For each (H, s, η) ∈ E ell (G), we also fix an L-group morphism η : L H → L G extending η once and for all. Fix Haar measures on H(Q v ) for each v in the same way as we did for G(Q v ) in the paragraph below Theorem 4.4.
Each pair (γ 0 , κ) in the sum of (5.2) can be viewed as an element of SS ell (G), which corresponds by Lemma 2.8 to (H, s, η, γ H ) whose isomorphism class in EQ ell (G) is uniquely determined. Define κ ∈ K(I 0 /Q) as in Remark 2.7. By (4.2),
If v is a finite place where G is unramified (except finitely many v with small residue characteristics), the transfer factor ∆ v (γ H , γ 0 ) is pinned down by the formula in Conjecture 2.14 (with K = Q v ) as the relevant Haar measures are fixed. At the other places v, the factors ∆ v (γ H , γ 0 ) are well-defined only up to constant, but will be chosen compatibly so that the following global constraint is satisfied whenever
Note that ∆ v (γ H , γ 0 ) = 1 for only finitely many v. For any γ ∈ G(A) such that γ ∼ γ 0 in G(A), transfer factors satisfy Let SS KT (G) denote the subset of SS(G) consisting of the pairs (γ 0 , κ) for which there exist γ and δ such that
To break up the summand of (5.2) into three parts, we consider pairs (γ 0 , κ) ∈ SS KT (G) and make the following definitions.
The first (resp. second) sum in (5.5) runs over the set of semisimple conjugacy classes of
We generalize the definition in (5.5) to the case where
and is defined to be zero otherwise.
By (5.2), (5.3), (5.5) and Lemma 5.1, we have
The right hand side does not get new contributions if the sum is taken over all (γ 0 , κ) in SS ell (G), or in SS(G).
5.2.
The functions h H,p and h H ∞ . As before, let (H, s, η) ∈ E ell (G). The reference for this subsection is [Kot90, p.178-179, 182-186], where Kottwitz works out stabilization for the terms away from p assuming the validity of Conjecture 2.13 and 2.14. (cf. Proposition 2.17.) His method may be adapted to stabilize our terms away from p without change. We state the results of Kottwitz on the functions h H,p and h H ∞ , which are needed to stabilize (5.6).
(Here we use the Langlands-Shelstad definition of transfer factors whereas inv
The usual transfer of κ-orbital integrals yields the following lemma.
Lemma 5.2. There exists a function h H,p ∈ C ∞ c (H(A ∞,p )) such that whenever a (G, H)-regular semisimple γ H ∈ H(A ∞,p ) and a semisimple γ 0 ∈ G(A ∞,p ) have matching stable conjugacy classes,
and SO
. The sum in (5.7) is taken over a set of representatives for G(A ∞,p )-conjugacy classes which are G(A ∞,p )-conjugate to γ 0 .
We explain the construction of h 
where the first map is the standard inclusion, the second is given by η and the third by dualizing A G → G. The above composition map determines a character of Lemma 5.4. There is a function h
We use the convention of Langlands and Shelstad for transfer factors, but Kottwitz ([Kot90] ) uses a different normalization from theirs in that he replaces s with s −1 , as explained on page 178 of that paper. (This is why we put exponents -1 in (5.5), which are not seen in Kottwitz's article.) So the formula for h H ∞ on page 186 of [Kot90] needs to be adjusted in our situation, but the validity of Lemma 5.4 remains intact. In case of PEL datum of type (A), we may take s as an order two element so that the distinction between two conventions disappears. 
, which is an injection by Lemma 3.6. We denote the images of SS
The discussion so far is put together in the following diagrams.
The top two rows of (6.2) come from the restriction of the diagram (6.1) to subsets. and  (ii) (M H , s H , η H , γ M H ) and (H, s, η, γ H ) correspond under the bijections in (6.1).
Study of the triple
Similarly define the subset E eff p (J b , G; H) of E p (J b , G). We will explain below how we will fix a representative (M H , s H , η H ) for each isomorphism class in E ef p (M b , G; H). Moreover, we will pin down certain additional data η H , • T H is a maximal torus of H defined over Q p , • T is a maximal torus of M b defined over Q p and
Put H ν := Z H (ν) and let i ν : H ν → H denote the natural embedding. We are going to complete H ν into a Gendoscopic triple for M b but need some preparation first. Use j to identify X * (T H ) with X * (T ) and X * (T H ) with X * (T ) as Z-modules. (Here we do not consider Galois actions.) We view ν and ν b as elements of X * (T ) Q and X * (T H ) Q , respectively, which are identified via j. There are the following inclusions.
The set R(H, T H ) (resp. R(M b , T )) consists of the elements α ∈ R(G, T ) satisfying α ∨ (s) = 1 (resp. α H η −1 ι (cf. §2.1). Let us identify X * (T H ) = X * (T H ) and X * (T ) = X * (T ) via ι H and ι. Then the identification X * (T H ) = X * (T ) via j is transported to the identification X * (T H ) = X * (T ) via η. These allow us to identify
So there is an embedding l M b : M b → G (resp. l Hν : H ν → H) corresponding to the inclusion of the sets of roots of T (resp. T H ). The images of l M b and l Hν are Levi subgroups of G and H, respectively. It follows from the construction that the G-conjugacy orbit of l M b (resp. H-conjugacy orbit of l Hν ) is exactly the orbit determined by the given embedding M b → G (resp. H ν → H) in the sense of the paragraph above Lemma 2.12. In particular the G-conjugacy class of l is simply connected.) So there is a unique inclusion H ν → M b , which we call η ν , making the diagram (6.5) commute. Let s ν be the inverse image of s under l Hν . Observe
So far we attached to (T H , T, j) a morphism ν : D → H and (H ν , s ν , η ν ) ∈ E p (M b , G). Actually we are only interested in triples (T H , T, j) arising from a quadruple (H, s, η, γ H ) ∈ EQ ef p (G) in the following way. Let (γ 0 , κ) ∈ SS ef p (G) be the image of (H, s, η, γ H ). There are maximal tori T H ⊂ H, T ⊂ G defined over Q p and a Q p -isomorphism j : T H ∼ → T , which (after being composed with T → G) belongs to the canonical G(Q p )-conjugacy class of embeddings T H → G, such that j(γ H ) and γ 0 are G(Q p )-conjugate. There also exists a ν b -acceptable element γ 0 ∈ M b (Q p ) such that γ 0 = gγ 0 g −1 for some g ∈ G(Q p ). We can arrange that T := gT g −1 and Int(g) : T ∼ → T are defined over Q p . Therefore it is harmless to assume that T is contained in M b and that γ 0 = γ 0 = j(γ H ). Now that (T H , T, j) is among the triples that we considered earlier, we have ν and (H ν , s ν , η ν ) attached to (T H , T, j). In the last paragraph, when γ H is fixed, the choice of (T H , T, j) is not unique. Let us investigate the dependence of ν on the choice of (T H , T, j). Suppose that (T H , T , j ) is used to construct ν : D → H. Then T = mT m −1 and
We know that j and j are in the same G(Q p )-conjugacy class. Since j(γ H ) and j (γ H ) are ν b -acceptable, j and j are in fact M b (Q p )-conjugate. Since the M b (Q p )-conjugate action is the identity on A M b , it is easy to see that ν = Int(h −1 ) • ν in view of (6.3). On the other hand, for α ∈ Aut Qp (H, s, η) we may replace γ H by α(γ H ) without changing the equivalence class of (H, s, η, γ H ). Changing α by an inner automorphism of H if necessary, we may assume that α(T H ) = T H . Under j 0 = j • α −1 we see that α(γ H ) maps to a ν b -acceptable element γ 0 in T . The morphism D → H constructed from j 0 in (6.3) is given by α • ν. To sum up our discussion, the Aut Qp (H, s, η)-orbit of ν depends only on the equivalence class of (H, s, η, γ H ).
In fact, we can remove the dependence on γ H in the following sense. Consider (H, s, η, γ H ) ∈ E ef p (G). Let (M H , s H , η H , γ M H ) and (M H , s H , η H , γ M H ) correspond to (H, s, η, γ H ) and (H, s, η, γ H ), respectively. Construct ν : D → H (resp. ν : D → H) from (H, s, η, γ H ) (resp. (H, s, η, γ H )) by choosing a triple (T H , T, j) (resp. (T H , T , j )).
Lemma 6.1. The map ν is contained in the
Proof. Arguing as in a few paragraphs above Lemma 6.1, we have that T = mT m −1 and T H = hT H h −1 for some m ∈ M b (Q p ) and h ∈ H(Q p ) and that j := Int(h −1 ) • j • Int(m) belongs to the Ω(G, T )-orbit of j. (Unlike the previous situation we do not know whether j is in the Ω(M b , T )-orbit of j.) Write j = wj for w ∈ Ω(G, T ).
When u acts on T , we write u for its dual action on 
On the other hand, let us view ν and ν as maps from D to T H . The relation j = wj implies ν = wν. Since wν = ν if and only if w ∈ Ω(M b , T ) (acting on T H via j), we deduce that ν is in the Aut Qp (H, s, η)-orbit of ν if and only if w = w H w 0 for some w 0 ∈ Ω(M b , T ) and w H ∈ Ω(G, T ) such that w H acts on T H (via j) is the same way as some α ∈ Aut Qp (H, s, η) fixing T H . Such a w H is precisely characterized by the condition that w H (η(s)) ∼ = η(s) mod Z( G) in view of (ii) of Definition 2.5. So the proof is complete. This is a good moment to fix a representative for each isomorphism class, say Ω, in E 
Choose any γ H as in the very beginning of §6.2 as well as (T H , T, j), thus obtain ν : D → H and (H ν , s ν , η ν ) ∈ Ω. We will fix such ν and (H ν , s ν , η ν ), and use the latter as the representative for the isomorphism class Ω. The maps l M b and l Hν in (6.5) will also be fixed for (H ν , s ν , η ν ). 
H-conjugacy class of l M H ) corresponds to the Levi embedding M b → G (resp. i M H : M H → H) in the way described in §2.5. The same lemma tells us that the image of
The commutativity of (6.5) shows that
which makes the following diagram commute. We will fix such an η H henceforth.
There is a natural embedding
defined as follows. (In the following we often omit the subscript if the field of definition is
Definition 2.5.(i)). Note that β and β σ are M H -conjugate since β is defined over Q p . There is a unique α 0 ∈ Aut C ( H) Then the H(Q p )-conjugacy class of α 0 is defined over Q p and we deduce that there is some α ∈ Aut Qp (H) which is H(Q p )-conjugate to α 0 . The properties of α 0 imply that α actually lies in Aut Qp (H, s, η). Finally we define ι M H ,H (β) to be the image of α in Out Qp (H, s, η). It is not hard to show that ι M H ,H is well-defined.
Suppose that α ∈ Aut(H, s, η) and β ∈ Aut
that α (resp. β) induces α ∈ Aut( H) (resp. β ∈ Aut( M H )) which is well-defined up to Int( H) (resp. Int( M H )) and that there exists
Definitions 2.5 and 2.9.) The condition ι M H ,H (β) =ᾱ means that Int(l M b ( m)) and Int( g) induce the same outer automorphism on H. In other words, there exists h ∈ H such that
On the other hand, the H-conjugacy class of l M H corresponds to the H(Q p )-conjugacy class of i M H in the sense of §2.5. Choose a finite subset {α r } r∈R of Aut(H, s, η) such that the natural projection from {α r } r∈R to Out(H, s, η)/Out G (M H , s H , η H is a bijection of sets. We may assume that there exists r ∈ R such that α r is the identity. Define I(M H , H) to be the set {α r • i M H } r∈R .
Lemma 6.2. 
where we use the notations of [LS87, §3.4] on the right hand side. We recall the definitions after setting up more notations. 
6 As G der is simply connected, we know Z G (γ 0 ) is connected. From this (and [Kot86, Lem 3.2]) it is not hard to see that T 0 , T 0 , T , T , T H and T H are connected. In other words, γ 0 , γ 0 , δ, δ, γ H and γ H are automatically strongly regular.
and similarly define (
. In other words, we can find
We need to define the terms on the right hand side of (6.15). Define a torus
Now we recall the definition of s U . Consider the following commutative diagram where every arrow is
(Find one such z so that sz ∈ T der , by using the fact that T der · Z( M b ) = T . Then sz ∈ T der is automatic.) Note that (sz, sz) and (s, s) have the same image, say (s ad , s ad ), in T ad × ( T ) ad . Then s U ∈ U is defined as the image of (sz, sz) in U . It turns out that s U is Γ(p)-invariant and independent of the choice of z ([LS87, p.246]). By abuse of notation, the image of s U in π 0 ( U ) will be again denoted by s U . Then the right hand side of (6.15) is given by the Tate 
B(T × T )
Recall from §4.3 that α p (γ 0 , δ) = κ T (y −1 by σ ), α p (γ 0 , δ) = κ T (y −1 by σ ).
So the left hand side of (6.15) can be computed as where Y σ is the image of ((y −1 b der y σ ) −1 , y −1 b der y σ ) in U (L). (The notation Y σ also denotes its image in B(U ).) The second identity in (6.21) follows from the commutativity of the right rectangle in (6.20). To check the first identity in (6.21), use (6.16) and the functoriality of κ (·) with respect to the diagonal embedding Z(M b ) → T × T .
The proof of (6.15) boils down to showing that inv γ H , δ γ H , δ , s U = Y σ , s U .
In light of the left rectangle of (3.1) for U , the above identify follows if we show that inv γ H , δ γ H , δ → Y σ under the map H 1 (Q p , U ) → B(U ) of (3.1). The last map is defined as the composition of the following: General case It remains to prove that the identity (6.9) of Lemma 6.3 continues to hold for the same constant c M H when γ 0 is not regular. We imitate the argument of [Kota, A.3.8] .
Changing notations, set (Namely k and k σ give the same map from T to I δ . This is checked using (6.24).) For each t ∈ T (Q p ), define γ t := tγ 0 , δ t := k(t)δ.
We assume that γ t is regular in M b so that T = Z M b (γ t ). The natural inclusion T → I 0 yields the following commutative diagram.
We claim that α p (γ t , δ t ) → α p (γ 0 , δ) (6.26) via the bottom horizontal map of (6.25). To show this, it is enough to show that b δ := y −1 by σ and b δt := y Proof. We may assume that φ is as in (5.1). Note that only (G, H)-regular γ H contribute to ST H e (h H ) by Remark 5.6 and that Z H (γ H ) is connected for any such γ H . The theorem follows from (7.1), (7.2) and (7.3). 2) a simpler proof of Lemma 6.3 will be given. We will work in the setting of Lemma 6.3 without mentioning it again. As we are only concerned with Q p -groups in §8, we often write G for G Qp and similarly for other groups in order to save notation.
8.1. The case of general linear groups. For convenience we introduce a nonstandard terminology for a reductive group G 0 over Q p .
Definition 8.1. We say that G 0 satisfies GL p if G 0 is Q p -isomorphic to i∈I R Ki/Qp GL ni for a finite index set I, positive integers n i and finite extension fields K i of Q p . Here, R Ki/Qp means the Weil restriction of scalars.
In this subsection we prove Lemma 6.3 under the simplifying assumption that G Qp satisfies GL p . This assumption is often satisfied for a PEL datum (B, * , V, , , h) of type (A): In the case of type (A) datum, F = Z(B) is a CM field. Let F + be the fixed field of F under the complex conjugation. If every place of F + above p splits in F , then G Qp satisfies GL p .
Suppose that G Qp satisfies GL p throughout §8.1. Then the groups H, M b , M H , I 0 and I H also satisfy GL p . All these groups and their dual groups have simply connected derived subgroups. In particular, Z(M H ) and Z(M b ) are tori.
One important task for us is to give an explicit formula (8.5) for α p (γ 0 , δ), κ . Consequently its value will be easily seen to be independent of γ H , δ and γ 0 . To this end, we examine the character α p (γ 0 , δ) ∈ X * (Z( I 0 ) Γ(p) Z( G)). Consider the following commutative diagram of Γ(p)-equivariant group homomorphisms. 
